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The notion of convexity was generalized by many means. Some of these 
notions are useful in questions of topology and analysis, for example, see 
[S, 12, 14-161. In this paper our aim is to give simultaneously 
generalizations of these concepts and to show that many classical theorems, 
in which the word “convex” appears remain valid by replacing this word by 
“simpiicial convex.” In Section 1 we define a simplicial convexity by 
assignation with each n elements x, ,..., x, of a topological space X and each 
element (A, ,..., A,) of the (n - l)-dimensional simplex a formal “linear com- 
bination” @[xi ,..., x,](A, ,..., A,,)E X, which depends in a continuous way 
on (A, ,..., A,), but not necessarily on x, ,..., x,*. In Section 2 we give a 
characterization of absolute retracts in terms of simplicial convexity. In 
Section 3 we look for continuous selections of lower semi-continuous maps. 
In the last section, using the technique of Knaster-Kuratowski- 
Mazurkiewicz maps, we obtain generalizations of some theorems concern- 
ing fixed point theory and its applications [3-6, 13, 171. 
I am very grateful to Professor Lech Gorniewicz for his valuable remarks 
and aid in the preparation of this paper. 
0. PRELIMINARIES 
In this section we shall recall some notions concerning the convexity 
structure on an arbitrary set. For details we recomend [lS], where the 
bibliography lists 283 papers, and also [S, 12, 141 for some special types of 
convexity. Later we will present some notions and facts useful in what 
follows. 
We start from the following 
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(0.1) DEFINITION. Let X be an arbitrary set. A family 6 of subsets of X 
is called a convexity on X, if 
XEc.5 (0.1.1) 
b%..dK then (7 A;EO-. (0.1.2) 
iEJ 
Then elements of Cs. are called C-convex (or simply: convex) subsets of X; 0. 
is called a T, -convexity, if for each x E X the set {x} is K-convex. Let 6 and 
D be two convexities on X; D is called a subconvexity of Q, if D c 6;. 
(0.2) DEFINITION. A map p: 2x+ 2 X is called a convex prehull on X, if 
the following conditions are satisfied: 
A UP, forany AcX (0.2.1) 
A c B*p(A)cp(B), for any A, B c X. (0.2.2) 
Let us observe that if p: 2x -+ 2 X is a convex prehull on X, then the 
family Q, = {A c X; p(A) = A} is a convexity on X; CP is called the con- 
vexity on X determined by the convex prehull p on X. 
(0.3) DEFINITION. A map p: 2x --) 2x is called a convex hull on .I’, if p is 
a convex prehull and p(p(A)) =p(A), for each A E 2x. 
It is easy to see the following four facts (cf. [lS]): 
(0.4) PROPOSITION. Let (5 be a convexity on X. Then the map 
convE . 2X-+2Xdefinedby 
conv,A = n {BE&; AC B} 
is a convex hull on X and the convexity determined by convK is equal to 6. 
Let {WrEJ be a family of sets. By n,tJ Xi we will denote the Cartesian 
product of these sets and by xc,: ni, J X, -+ Xi, the natural projection, i E J. 
(0.5) PROPOSITION. Let {Xi}it J be a family of sets and let Ci, ie J, 
denotes a convexity on X,, ie J. Then the family (n,,, A,; AieEi} is a 
convexity on nitJ Xi, which we will denote by niE J 6;. 
(0.6) PROPOSITION. Let X, Y be two sets and let F: X + Y be a function. 
Let 6 be a convexity on X. Then the family F(C) = {A c Y; FP ‘(A) E a} is a 
convexity on Y. 
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(0.7) PROPOSITION. Let {Xi}icJ be a fumiZy of sets. 
rfCCj is a convexity on Xi, iEJ, then 7ci(~IleJ6i)=6i, for 
each i E J. 
Zf a is a convexity on n,,,X,, then ni,Jzi(&)~C. 
(0.7.1) 
(0.7.2) 
(0.8) DEFINITION (cf. [2]). Let 6 be a convexity on a set X. A real- 
valued function f: X + R is called quasi-concave (resp. quasi-convex), if the 
set {xEX;f(x)>r) (resp. {xEX;f(x)<r}) is &-concave for each rER. 
In what follows, by a topological space we will always mean a Hausdorff 
topological space. We will use some standard symbols: 
F-the unit sphere in the Euclidean space R”+’ 
F-the closed unit ball in the Euclidean space R”. 
Let (X, p) be a metric space. We let 
(B, x, Y) = {z E X; p(z, x) < r}, for any x E X 
N,(A)= (ZEX jrcA ~(2, x) < r}, for any A c X 
dist(x, A) = inf,,.. p (x,y), for any xEXand AcX 
a,,4 = GA-the boundary of A in X. 
(0.9) DEFINITION (see [ 111). Let X be a topological space. A family 
b%)re~. of subsets of X is called equi-LC”, if for each x E U,, T A,, for each 
kdn and each open neighborhood U of x there exists an open 
neighborhood V of x such that for each t E T and for each continuous map 
f: Sk -+ A,n Vthere exists a mapF Kk+’ + A,n U such thatfISk=f: 
(0.10) DEFINITION. Let X be a topological space. X is called n-connec- 
ted (briefly: C”), if any continuous map from Sk into X is extendable to a 
continuous map from Kk + ’ into X, for any k< n. X is called infinitely 
connected (briefly: Cm), if X is n-connected for each n E N. 
Let I denote the unit, closed interval [0, 11 c R. 
(0.11) DEFINITION (see [ 1 I). Let X be a topological space. A con- 
tinuous map 2: Xx Ix X -+ X is called an equiconnecting function, if 
n(x, 0, y) = x and A(x, 1, y) = y, for x, y E X. A set A c X is called i--stable, 
if ,l(A, Z, A) = A. 
Let us observe that the family of all l-stable subsets of X gives us a 
convexity on X. 
In what follows we will consider also some types of maps. Therefore we 
will recall the respective definitions. 
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(0.12) DEFINITION (see [2]). Let X be a topological space. A set-valued 
map cp from X to a topological space Y is called lower-semicontinuous 
(1.s.c.) (resp. upper-semicontinuous--u.s.c.), if for each open set UC Y the 
set q-l(U)= {xEX; q(x)n U#Qr} (resp. q,‘(U)= {xEX, cp(x)c U}) is 
open. 
Observe that, if U = ( y} c Y, then we have q-‘(y) = {x E X; y E q(x)}. 
If Kc 2x and for each XEX we have q(x) E K, then we shall write 
cp:X-+K. 
(0.13) DEFINITION [2]. Let X, Y be topological spaces and cp: X+ 2 ‘, a 
set-valued map. A function f: X -+ Y is called a selection for cp, if 
f(x) E q(x) for each x E X. 
(0.14) DEFINITION [2]. Let X be a topological space. A real-valued 
function f: X -+ R is called lower-semicontinuous (resp. upper-semicon- 
tinuous), if the set {X E X; f(x) > Y} (resp. {x E X; f(x) < Y}) is open for 
each x E X. 
1. SIMPLICIAL CONVEXITY 
In this section we will introduce the notion of simplicial convexity, which 
gives us a generalization of the S-convexity (considered, for example, in 
[ 14-161) and hence, in particular, the notion of ordinary convexity. 
In what follows by d,,, n = 0, 1, 2 ,... we will denote the n-dimensional, 
closed, standard simplex in R”+ I, i.e., 
A,,= MER”+‘; u= 1 Ivie,, l;aO, 1 I,= 1 
1 
n+l nt I 
i 
. 
;= 1 i= 1 
It is evident that A,, with the topology induced from R”+ ’ is a compact 
space. For each u=C;=+; Ai e, in A,, (n + l)-tuple (n,(u),..., n,(u)) is 
called the barycentric coordinate of u E A,. 
Let X be a topological space. Let us assume that for each 
(x 1 >..., x,)eX”=Xx ... xx 
n-times 
a continuous map @[x1 ,..., x,]: A,_, + X is given. In what follows we will 
assume that the considered family @ = {@[x1,..., x,]; (x, ,..., x,) E X”, 
n EN) of maps satisfies the following conditions: 
(1.1) VXEX @[x](l)=x 
(1.2) Vn32 V(x ,,..., x,)EX” VUEA,~~ Vi= l,..., n &(u)=O= 
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@pcx, ,..., X”](U) = @[x, )...) ii )...) X,](ll(U) )...) a,..., l,(u)), where ii (1;) 
denotes that xi (3Li) is omitted. 
(1.3) DEFINITION. Let X and @ be such as above. The simplicial con- 
vexity E(Q) determined by the family @ is the convexity determined by the 
prehull p@: 2 x + 2x defined as follows: 
P,(A) = {mb.., &J(u); nEN> (a,,..., 4 EAn, UEd, - 1) 
(1.4) Remark. The notion of simplicial convexity can be reinterpreted in 
terms of maps of inverse systems. Let EL : A, _ 1 + A,,, i = l,..., n + 1 be a 
map given by 
&;(A, )...) A,) = (%, )...) A;- ,) 0, A;+ , )...) A,). 
Then we have the inverse system ‘$I of sets C(A,, X), n E N, and maps 
C(E~, X): C(A,, X) --) C(A,-,, X), HEN, i= l,..., n+ 1, where C(A,, X) 
denotes the set of all continuous functions from A,, into X. On the other 
hand, we have the inverse system 23 of elements of Up”=, x” and maps 
n;,: x”+’ --* x”, n E N, i = l,..., n + 1, nL(x, ,..., x, + ,) = (x, ,..., .?; ,..., x, + ,). 
Then @ is a mapping from 23 into 2f such that Vx E X @[xl = x. 
The following easy, but useful fact shows that the notion of simplicial 
convexity is quite general. 
(1.5) PROPOSITION. Let X be a topological space and let K be a convexity 
on X, such that the convex hull of any finite subset of X is infinitely connec- 
ted. Then there exists a simplicial convexity K(Q) such that CT c E(Q). 
Proof. We shall construct by induction, on n, the maps @[x,,..., x,]: 
A,-,-+Xsuch that 
@[xl,..., x,l(d,- ,) =conv,{x,,..., x,} (1.5.1) 
We put @[xl = x, for each x E X. Assume that for some n E N and arbitrary 
(x 1 ,...> x,) E x” we have defined functions @[x, ,..., x,] such that conditions 
(1.5.1) and (1.2) are satisfied. Let (x,,..., xn+ 1) be an arbitrary element of 
X” + ‘. Consider a map !E ad,, + convE { x 1 ,..., x, + , } given by: 
Y is continuous by (1.2). By the assumption, convQ{ x1 ,..,, x,+ r } is 
n-connected and hence we can find an extension @[x,,..., x,,,] of Y onto 
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d,,. It is evident that @[xi ,..., x,+ ,] satisfies conditions (1.2) and (1.51). 
Thus we have the simplicial convexity K( @) and, by (1 S.l), 6 c K(Q). 
( 1.6) COROLLARY. Any infinitely connected topological space possesses a
simplicial convexity. 
The following example shows that the converse to the above corollary is 
not true. 
(1.7) EXAMPLE. Consider the unit sphere S’ as the following set of 
complex numbers (e@; cp E [0, 2x]}. Let 6 = {{e@; cp E [a, fi]}; 
0 < CI < /? < 271) u {S’, a}. Proposition (1.5) implies that there exists a 
simplicial convexity c(Q) such that 6 c (Z( @), but Si is not l-connected. 
( 1.8) Remarks. ( 1) Let c(@,) and E(Q2) be simplicial convexities 
on X, and X,, respectively. Then &(@, ) x E(Q2) is not a simplicial 
convexity, in general; however, it is possible to define a simplicial 
convexity E(@, x @J such that O(@,) x K(@,) c K(@, x @*). Assume that 
bu,aJ is a family of topological spaces. Let on each X, be given a 
simplicial convexity t5(@;), ie.I. Then maps (n;,, @,)[nltJ Xi,..., 
n ,tJ -cl: A,, 1 4 n,tJ x, given by (n;,J @i)[nz,J x:, ‘cl(~) = 
fli, J Qi[Fi ,..., X;,](jti) satisfy conditions (1.1) and (1.2) and we get a sim- 
plicial convexity tE(n;,, @,) on JJ,, JX,. 
(2) Simplicial convexity is also transferred in a natural way by r-maps. 
Let X, Y be topological spaces and let g: X + Y, j Y -+ X be continuous 
maps such that f’og = id,. Let t%(D) be a simplicial convexity on Y. Then 
maps ,Qn[.x, ,..., x,]: d,, , + X given by 
,QnCXl >‘.‘I -%I(~) =f’(@Cg(-x, ),..., g(&)](i)) 
satisfy conditions ( 1.1) and (1.2) and we get a simplicial convexity E(/QK) 
on X. 
In what follows we will consider also some special cases of simplicial 
convexity. 
(1.9) DEFINITIONS. (1) A simplicial convexity t%(Q) on a topological 
space X is called local, if for each x E X and each open neighborhood U of 
x there exists an open neighborhood V of x such that p&V) c U. 
(2) A simplicial convexity a;(@) on a uniform space X is called 
uniformly local, if c(Q) is T, and for each open neighborhood U of the 
diagonal d c Xx X there exists a neighborhood V of A such that 
P@X@(VC u. 
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(1.10) Remark. It is evident that an uniformly local simplicial convexity 
is also local. 
( 1.11) PROPOSITION. ( 1) Let a( Qi) he a local simplicial convexity on Xi, 
iEJ. Then the convexity K(niEJQi) on nieJX, is local, too. 
(2) Let X, Y be topological spaces and let g: X + Y, f: Y--f X be such 
that f 0 g = id,. Zf a simplicial convexity (I(@) on Y is local, then the 
conoexity CC(,@,) is local, too. 
Proof. (1) Evident. 
(2) Let x E X and U be an open neighborhood of x. Let U, be an open 
neighborhood of g(x) such that f (U,) c U. By the assumption there exists 
an open neighborhood V, of g(x) such that p@( V,) c U,. g is continuous, 
ordinary convexity in locally 
convex linear topoloqicol SPOCf3 /’ ~- , \ - _,- ‘\ 
4 
S-convexity convexity I” the 
\ 
Of type 0 I11511 sense of Michael 11121) “‘! 
I 
\- 
-----“i ,/‘I A g 
unitormely loco I simpliclal 
convexity /Det. I1 q 2)/ 
I 
\ 
‘5 
S-convexity 
at type I II1411 
\ \----.. 
loco I simplicol I 
convexity /Def I 1 q 1 )/ 
/ 
\ 
\ 
convexity in the sense ~ 
\- 
ot Komiya Ii811 
(**I 
.-)..- 
b J;/ 
finitely local slmpllclal 
convexity /Def. (4. 21/ 
I 
I 
convexity given 
by an equiconnectinq 
function (Det. 0.11 ) 
/ 
e/---- 
_ ~.Y- /------ 
S-convexity IIlL]) 
\ i 
simpliciol convexity 
FIGURE 1 
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so we can find an open neighborhood V of x such that g(V) c V,. Hence 
Pf @g( v = u. 
There are many different notions of the convexity on topological spaces. 
In Fig. 1 we compare some known convexities with the one introduced by 
us, i.e., with the simplicial convexity. 
In Fig. 1 the term “S-convexity” denotes the S-convexity in an S-contrac- 
tible space (in the sense of [14]); the term “convexity in the sense of 
Komiya” denotes the family of convex sets in a convex space (in the sense 
of [8]). The symbol (*) denotes the limiting to compact spaces and (**), 
to metrizable spaces. 
2. A CHARACTERIZATION OF ARs 
In this section we shall apply the notion of simplicial convexity to the 
theory of retracts. The following theorem is an easy generalization of the 
famous Dugundji extension theorem [2]. 
(2.1) THEOREM. Let CQ CD) be a local simplicial convexity on a topological 
space X. Let Y be an arbitrary metrizable space and let A c Y be a closed 
subset. Then for each continuous map f: A +X there exists a continuous 
extension ,f Y + X, with p( Y) cp,(f (A)). 
Proof: The proof is strictly analogous to the one given in [2, p. 921. We 
define needed extension f Y -+ X by putting 
/ 
f(Y) ifyEA 
.7(y) = @Cf (ai,Lf (a,,)l(A, (YL A,(Y)) if {i, ,..., ik} 
= (ie.t &(y)#O}, 
where {A),,., is the same partition of unity and {a, jrtJ is the same subset 
of A as in [2]. 
From Theorem (2.1) we get 
(2.2) COROLLARY. A metrizable space X is an AR (metrizable) ijjf there 
exists a local simplicial convexity on X. 
ProoJ: For the proof it is sufficient to show that if X is an AR, then 
there exists a local simplicial convexity on X. Since X is an AR, X is an 
r-image of a real normed space, so our corollary follows from (1.11.2). 
The following fact will be useful in the next section. 
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(2.3) COROLLARY. Let a(@) be a local simplicial convexity on a 
topological space X. Then the family E(Q) is equi-LC” for each n. 
Proof. Let x E C E E(Q) and let U be an open neighborhood of x in X. 
Since (E(Q) is local, there exists an open neighborhood V of x such that 
p@( I’) c U. Let f: S” + Vn C be continuous. Then by (2.1) there is a con- 
tinuous extension f B” + ’ -+ X off such that f(Bn+ ’ ) c p& V/n C) c U n C. 
(2.4) Remark. Theorem (2.1) implies that the Schauder-Tychonoff and 
Kakutani fixed point theorems remain valid if we replace the word 
“convex” by “simplicial convex.” Now we will show also that the Markoff- 
Kakutani theorem can be formulated in terms of simplicial convexity. 
(2.5) DEFINITION. Let c(Q), a;(Y) be two simplicial convexities on X 
and Y, respectively. A map f: X -+ Y is called affine (with respect to (5(Q) 
and E( Y)), if for each n E N and (x, ,..., x,,) E x” we have 
b @Lx, ,..., x,1 = vfx,),...,f(x,)l. 
(2.6) THEOREM (cf. [7,9]). Let (I(@) be a local simplicial convexity on 
a topological space X and let iJ be a commuting family of compact affine 
maps of X into itself Then 5 has a common fixed point, i.e., there exists 
x E X such that for each f E 3, f(x) = x. 
Proof The proof is strictly analogous to that given in [2, p. 751. 
3. CONTINUOUS SELECTIONS 
In this section we will consider the problem of existence of continuous 
selections of set-valued maps and we get some generalizations of well- 
known Michael selections theorems [lo, 121. 
Let X be a topological space. Let us call a family R c 2x hereditary, if 
y E A E 9 implies that { y } E 3 [ 111. Let 5 be a class of topological spaces. 
(3.1) DEFINITION. A hereditary family si of subsets of X is called a 
Michael family for r, if for any YE r and any 1.s.c. set-valued map 
cp: Y + R\{ @} there exists a continuous selection for cp. Recall the follow- 
ing results, which are due to Michael: 
(1) [lo] The family of all convex, complete subsets of a locally con- 
vex linear-metric space is a Michael family for paracompact spaces. 
(2) [ 111 Let R be a hereditary family of closed subsets of a complete 
metric space. R is a Michael family for paracompact space of dimension 
< n + 1 iff R is equi-LC” and each A E R is C”; for n E N. 
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(3) [12] Let 6 be a convexity in the sense of [12] on a complete 
metric space X. Then {A E (5; A is closed} is a Michael family for paracom- 
pact spaces. 
It is evident that, if fi c 2x is a Michael family for a class r, then each 
element of R is an absolute extensor for T. Hence and from (1.4) 
immediately follows: 
(3.3) PROPOSITION. Let X he a topological space and let Cs be a convexity 
on X. If (I is a Michael family for finite-dimensional, compact, metrizable 
spaces, then there exists a simplicial convexity K(Q) such that K c C(Q). 
(3.4) Remark. One can easy prove that, if (5 is a convexity on a 
topological space X such that tI is a Michael family for the space Xx Ix X 
and such that the set-valued map convB: Xx X--P 2x, (x, y) H conve:(x, y > 
is I.s.c., then there is an equiconnecting function A: XX Ix X -+ X such that 
each A E tI is A-stable. 
Now we are able to state the main result of this section: 
(3.5) THEOREM. Let X be a metric space, and let K(Q) be a simplicial 
convexity on X. Let ‘$I c 2”’ be a,family such that: 
(1) each A E ‘$I is complete 
(2) {ix);=+‘U 
(3) V& > 0 32,; > 0 VA E ‘p, pD,(N,(A)) C N,(A). 
Then ‘J3 is a Michael ,family for paracompact spaces. 
For the proof of (3.7) we need the following lemma: 
(3.5.4) LEMMA. Let X and ‘p c 2’ satisfy assumptions of (3.5). Let Y be 
a paracompact space and let cp: Y--t ‘$J \ { a} be an 1.s.c. map. Let 6 B 0 and 
assume that f: Y + X is a continuous map such that VIE Y, 
cp(yj)nB(f(y),b)#@. Then for each E>O and 6>0 such that 6<r, 
(where rd satisfies the condition (3.5.3) for E = d) there exists a continuous 
function f,: Y--f X such that Vy E Y, dist(f,( y), cp( y)) <E and Vy E Y, 
p(f(y),fAy)) < d. 
Proof Let r=min{r,,r,-86). We let X(y)=cp(y)nB(f(y),d). For 
each y E Y choose a point xy E x( y). Since x is I.s.c., for each y E Y there 
exists its open neighborhood U, such that VZE U,, x(z) n B(x,, r) # 0. 
The family { I!I~}~~ y is an open covering of Y. From the paracompactness 
of Y there exists a locally finite open refinement { Vi}isJ of {U,>,,, ,,. We 
can assume, without loss of generality, that the indexing set J is well 
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ordered. For each in J choose yi such that Vi c U,,. Let { ArjiEJ be a 
partition of unity subordinated to the covering { Vi}itJ. 
Let 5 E Y. There exist i, ,..., i, EJ, i, < < i, such that <E I/,, iff 
iE {i ,,..., ik}. We letfJ() = @[x, ,,,..., x,,,](Aj,(5) ,..., A,(5)). Since { V,}itJ is 
locally finite, there exists an open neighborhood I/ of 5 such that 
Vn Vi # QI iff in {I, ,..., I,,} (I, ( . . < I,). The condition (1.2) implies that 
VP E K L(P) = @Cx?.,, >..., 
<e Yi,n ... n V,,, 
x,,J(&,(p),..., A&)). Hence f ,  is continuous. If 
then ~(5) n B(x~,~, r) # @ for nz = l,..., k. Therefore 
x”,~E N,(x(~)) and hence x,,,_~N,~(cp(S)). Since v(~)E ‘$3, we have 
L:(5) ~~,(N,~(cp(r)))=N,(cp(~)). On the other hand, since -x.,.,~~ E N,(x(~)) 
we get ~,,~~N,(B(f(~)),6)cB(f(~),r+6)=B(f(r),r~)=N,,({,f(5)}). 
The conditions (3.52) and (35.3) imply that .f,(<) 6p,(N,,( {f(t)})) c 
N,,( {,f(t)}) and the proof of Lemma (3.5.4) is complete. 
Proof of (3.5). We can assume, without loss of generality, that 
p(x, y) c 1 for each x, y E A’. Let y0 = 2 ,..., Y,+ , = min( l/2”+ ‘, $ Y,~}. where 
rr, is equal to re in (3.5.3) for E = r,. Lemma (3.5.4) implies that there exists 
a sequence {fn)neN of continuous functions from Y into X such that 
(3.5.5) Vy E Y dist(fJ y), cp( y)) < r,, d l/2” 
(3.5.6) v~~Y~(.fn(~),.fi,+~(~))<r,,~,61/2” m1. 
Hence for each YE Y and HEN there is g,(y)E q(y) such that 
dg,(y),f,( y)) < l/2”. Therefore P(g,(Y),g,+l(Y))~P(gn(Y),f;l(Y))+ 
P(fn(Y)rfn+1(Y))+P(fn+,(Y),gn+,(Y)) 6 l/2”+ lwl+ w+*< l/2” 2. 
Hence g,(y) is a Cauchy sequence and, since cp( y) is complete, there is 
g(y)=lim,,, g,(y) E q(y). On the other hand, g(y) = lim,, _ X f,(y). 
Since f, converges uniformly, g is continuous. Thus g is the desired 
selection. 
Let us observe that the only difficulty in getting (3.5) proving 
Lemma (3.5.4); then the proof is strictly analogous to that given in [ 101. 
From Theorem (3.5) we get the following generalization of (3.2.1) and 
(3.2.3): 
(3.6) COROLLARY. Let X be a uniform space such that the weight of the 
uniform structure is countable (i.e., the uniform structure is metrizable) and 
let C:(a) be u uniformly local simplicial convexity on X. Then the family of 
complete, convex subsets of X is a Michael family for paracompact spaces. 
Proof Let U be a uniform structure, which determines the topology on 
X and let p be a metric, which determines U. Choose E > 0. Let 
G, = ((x, y)~Xx X; p(x, y) <E}. There exists a neighborhood I/ of the 
diagonal such that p BX&V) c G,. The family {G6)6,0 is a standard basis 
of Il, so there is r,>O such that GrPc V. Hence, if A is convex, then 
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P,(N,~(A)) cp@(A -I- I’) c A + G = N,(A). Therefore the condition (3.5.3) is 
satisfied and the proof is complete. 
(3.7) Remark. Let us observe that (2.3) and (3.2.2) imply that the 
family of all closed elements of a local simplicial convexity on a completely 
metrizable space is a Michael family for finite-dimensional paracompact 
spaces. The following question is open: 
(3.8) May the assumption of finite dimensionality in (3.7) be dropped? 
Another simple selection theorem is the following (cf. [16]): 
(3.9) PROPOSITION. Let CC(@) be a simplicial convexity on a topological 
space X. Let Y be a paracompact space and let cp: Y + 2x be a map such that 
cp - ‘(x) = { y E Y; x E cp( y)} is open for each x E X. Then cp has a continuous 
selection. 
ProoJ The family (~p~‘(x)j,,, is an open covering of Y. Let {A;}iE J 
be a locally finite partition of unity, subordinated to this covering, where J 
is a well-ordered indexing set. Define f: Y -+ X by f(y) = @[xi,,..., xi,] 
(E,,,(y) ,..., ilk(y)),if {i ,,..., ik}= {iEJ;li(y)#O}andi,<i,< ... <i,.Then 
fis the desired selection. 
4. KNASTER-KURATOWSKI-MAZURKIEWICZ MAPS 
The concept of Knaster-Kuratowski-Mazurkiewicz maps (KKM-maps) 
plays an important role in many areas of mathematics, in particular, in 
game theory and fixed point theory. In this section we will show that the 
technique of KKM-maps (cf. [2-41 known for ordinary convexity can be 
done in the case of simplicial convexity, so we will get natural 
generalizations of results presented in [3-61. 
(4.1) DEFINITION. Let 6 be an arbitrary convexity on a set X and let Y 
be a subset of X. A set-valued map G: Y + 2x is called a KKM-map, 
provided conve{x, ,..., x,} c u’=, G(xi) for each finite subset 
(x, )...) xn} c Y. 
We will consider a special type of convexity, namely: 
(4.2) DEFINITION. A convexity (5 on a topological space X is called 
finitely local, if there exists a simplicial convexity a(@) such that E c E(Q) 
and for each finite subset {xi,..., x,} c X there exists a perfectly normal 
(i.e., any open subset is functionly open) set Ccx,,..., x,], having the fixed 
point property for compact maps such that 
@Lx, ,..., x,][A,- ,)c C[x, ,..., x,] cconva{x, ,..., x,>. 
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(4.3) Remark. There are two basic cases of Definition (4.2): 
(1) ccx1,..., x,] = @[x1 ,..., x,](d,_ ,) (if, for instance, @[x ,,..., x,] 
is a homeomorphic embedding), or 
(2) C[x, ,..., x,] = convQ{x ,,..., x,}. 
From (1.5) we obtain 
(4.4) PROPOSITION. Let X be a topological space and let Q be a convexity 
on X such that for each finite subset {x1 ,.,., x,} c X the set conva{ x, ,..., x,} 
is perfectly normal, infinitely connected, and has the fixed point property for 
compact maps. Then CF, is finitely local. 
(4.5) COROLLARY. Any subconvexity of a local simplicial convexity on a 
metrizable space is finitely local. 
(4.6) Let us observe that the convexity on S1, given in (1.7) is finitely 
local, but it is not local. 
The basic property of KKM-maps in the case of finitely local convexity 
is given in the following (cf. [2]): 
(4.7) PROPOSITION. Let 6 be a finitely local convexity on a topological 
space X, let Y be an arbitrary subset of X, and let G: Y + X be a KKM-map 
such that each G(x) is closed. Then the family {G(x); x E X} has the ,finite 
intersection property. 
Proof Assume that fir= 1 G(x,) = 0. The family {U;= C[x, ,..., x,]\ 
G(x,): i= l,..., n} is an open covering of C[x, ,..., x,]. Since C[x ,,..., x,,] is 
perfectly normal, there exist functions f,: C[x,,..., x,] -+ [0, l] such that 
Ui=f;‘([O, l]), i= l,..., n. Since n;=, G(x,) = 0 the function x1= 1 f, is 
not zero for any point. Let &=f,E;= 1 fj, i= l,..., n. We define a compact 
map f: C[x, ,..., x,] -+ C[x, ,..., x,] by setting f(x) = CD[X ,,..., x,] 
(AI(x),..., n,,(x)). By the assumption, f has a fixed point x0. Let K= 
(i; li(x0) SO> = {i r ,..., ik}. Then x0 cannot belong to ul=, G(x+); however, 
x0 =f (xcl) E @[Xi, ,..., Xikl(dk-l)CCOnV~(X;,,...,xlk)=U~~KG(x,) and we 
get a contradiction. 
From (4.7) we get immediately: 
(4.8) COROLLARY. Let 6 be a finitely local convexity on a topological 
space X, let Y be an arbitrary subset of X and G: Y -+ 2x a KKM-map such 
that each G(x) is closed and one is compact. Then n,,. ,, G(y) # 0. 
Now we can prove a generalized version of the important Ky Fan fixed 
point theorem [3] (replacing the ordinary convexity by the finitely local 
convexity): 
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(4.9) PROPOSITION. Let 6 be a finitely local convexity on a compact 
space X and let I? X+2x be a set-valued map such that 
(1) r-‘(y) is openfor each yeX 
(2) each f(x) is convex and nonempty. 
Then r has a fixed point. 
Proof Consider G: X -+ 2x given by G(y)==X\T-l(y). G(y) is com- 
pact for each y E X and n,, x G(y)=X\r),,,J-‘(y)=X\X=@,so(4.8) 
implies that G is not a KKM-map. Hence there exists x1 ,..., x,, E X such 
that conv{x ,,..., x,} ti U;=, G(x,). Let yEconv{x ,,..., x,}\U:=, G(x,). 
Therefore YE fly= L r-‘(x) so x, E r( y) for i= l,..., n. Hence YE 
conv{x, ,..., x,} c r( y). 
From (4.9) we obtain 
(4.10) COROLLARY. Let X be a C”, perfectly normal, compact space, 
having the fixed point property and let I7 X + 2x\ { @} be a set-valued map 
such that 
( 1) r- ‘(x) is open for each x E X. 
(2) For each subset Y of X the set fi,, ,, T(y) is either empty or 
infinitely connected, having the fixed point property for compact maps. 
Then f has a fixed point. 
Let us make some convenient remark: 
(4.11) Remark. Let Q, and (I2 be finitely local convexities on X, and 
X,, respectively. Then the sets CI[x, ,..., x,] x C,[ y, ,..., y,] do not have to 
be perfectly normal and do not have to have the fixed point property for 
compact maps, so the convexity (II x EZ does not have to be finitely local. 
Therefore, we have to assume that there is a given finitely local convexity 6 
on the space X, xX, and we have to consider the convexities a,(6) and 
IL*(~). Observe that, if the sets C,[x ,,..., x,] and C,[ y ,,..., y,] are 
metrizable AEs (metrizable compact), then our assumption holds. 
Now we prove the Ky Fan coincidence theorem [S] in the case of our 
convexity. 
(4.12) PROPOSITION. Let X and Y be two compact spaces and let a 
finitely local convexity 6 be given on Xx Y. Let A: X -+ 2 ’ and B: X + 2 ’ be 
two set-valued maps such that 
(1) A(x) is open and B(x) is nonempty, n,(c)-convex for each XE X. 
(2) By- ‘( y) is open and A - ‘( y) is nonempty, -n,(E)-convex for each 
ys Y. 
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Then there exists a coincidence point for A and B. 
Proof. Deline a map ~:XXY-+~~“’ by f(x,y)=A-‘(y)xB(x). r 
satisfies conditions of (4.9), so r has a fixed point (x,, yO). Therefore 
x,, E A ~ ‘( y,) and y, E B(x,). Hence y, E A(x,) n B(x,). 
Now we will prove generalized versions of some results which are impor- 
tant in the game theory; namely, we will prove the minimax principle 
[4, 171, the minimax inequality [6], Ky Fan intersection theorem [S], 
and the Nash equilibrium theorem [ 13, 51 in the case of finitely local 
convexity. 
(4.13) THEOREM (minimax principle). Let X and Y he two compact spaces 
and let (5 he a finitely local convexity on Xx Y. Let f: Xx Y + R be a 
,function which satisfies the folfowing conditions: 
(1) f (x, . ): Y -+ R is I.s.c. and 7~ ,(C)-quasiconvex for each x E X. 
(2) f ( . , y): X + R is U.S.C. and n,(E)-quasiconcave ,for each y E Y. 
Then max..,min,..,f(x,y)=min,..,max,..f(x,y). 
Proof The proof is strictly analogous to that given in [2, p. 781, where 
one must use our version of the Ky Fan coincidence theorem (4.12). 
(4.14) PROPOSITION (minimax inequality). Let 0 be a finitely local con- 
vexity on a compact space X and let f X x X + R be a real-valued fkction 
satisfying the following conditions: 
(1) for each y E X the map f ( . , y): X--f R is quasiconcave 
(2) ,for each x E X the map f (x, . ): X + R is 1.s.c. 
Then min, sup,f (x, y) Q sup,f (x, xl 
Proof Since f(x, ) is 1s.~. the minimum rnin?. sup.,f (x, y) exists. 
Assume that min,, sup,f (x, y) > sup,f (x, x). Then for each y there 
exists xeX such that f(x,y)>sup,f(x,x). Define l-z X+2x by 
r(y) = {x E X, f (x, y) > sup,f(.x, x)}. Each f(x) is convex and nonempty 
and each f-‘(x) is open, so by (4.9) r has a fixed point xc,. Then 
f (x,, x0) > sup,r f (x, x) and we get a contradiction. 
In the next propositions we will use the following notation: Given a car- 
tesian product X= n;=, Xi of sets, let x’= n,+, Xi; and let ni: X -+ Xi, 
7~~: X + X’ denote the projections; we write xi(x) = xi and r?(x) = xi. Given 
x, y E X we let (y,, xi) = (x1 ,..., x,- 1, y,, xi+ I ,..., x,). 
(4.15) THEOREM (intersection theorem). Let a finitely local convexity be 
given on a compact space X = nI:= 1 X,. 
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Let A I ,..., A,, be n subsets of X such that 
(1) for each XEX and each i= l,...,n the set A,(x)= {VEX; 
( y,, xi) E Ai} is convex and nonempty 
(2) for each y E X and each i= I,..., n the set A’(y) = {x E X; 
(y;, xl) E Ai} is open. 
Then fly=, A;#@. 
ProoJ: Define r: X + 2x by T(x) = fly=, Ai( Then f-‘(y) = 
r);= 1 A’(y), so it is open. For each x E X and each i= l,..., n there is 
$E A,(x), i.e., (y;, x’) E A;. Therefore the point (yf ,..., y;) E fly= 1 A,(x), so 
T(x) # 0 and this theorem follows from (4.9). 
The last result in this section is an equilibrium theorem: 
(4.16) THEOREM (equilibrium theorem). Let X=n;=, Xi be a compact 
space on which a finitely local convexity (5 is given. Let fi ,..., f, be n real- 
valued continuous &functions defined on X such that for each y E X and each 
i= l,..., n the function x HfJx, y’) is xi(C)-quasiconcave on X,. Then there 
exists a point y E X such that fi( y) = max,E X, fi(x, y) for i = l,..., n. 
Proof Given & > 0, let for each i = l,..., n, A;= {ycX; 
f,(y) > max,.,,f.(x, yi) - E}. It is easy to check that the sets A; ,..., A; 
satisfy conditions (4.151) and (4.15.2) and hence fl:=, A;#@. Let 
H, = fly= 1 2. H, is a nonempty, compact set and, since H,, c H,, for 
E~<E~, flE,oH,#0.1fy~f7c,oHE, then~fi(y)=max..,~fi(x,y’)foreach 
i= 1 ,..‘, n and y is the desired point. 
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